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Higher-Order Effects in Boundary-Layer Premixed Combustion

C. Trevifio,* W. Stuttgen,t and N. Peters J
Institut fur Technishe Mechanik, Aachen, Federal Republic of Germany

Higher-order effects in the boundary-layer theory are included in the present analysis to evaluate the
interaction of the expansion process from the premixed combustion of reacting gases with the potential flow.
Two cases are considered: 1) the premixed combustion process, which takes place above the flat plate, and 2)
the premixed flame, which is generated in the wake of the flat plate. In both cases, the strong expansion process,
when interacting with the outer inviscid flow, produces relatively strong pressure gradients, modifying the
aerodynamic structure of the flow.

Nomenclature
/ = nondimensional stream function,

= ir/(2x*piMiw<9*
Pr = Prandtl number
p = nondimensional pressure, = (p* —
Q = nondimensional heat of reaction, = Q*/cpTi
Q* = heat of reaction per unit mass of fuel consumed
Re = Reynolds number, = M<Jp£L*//*£
Sca - Schmidt number of species a
T* = temperature
T* = activation temperature
Wo, = freestream velocity
V = nondimensional transversal velocity,

= (piplu*/L*)-"V
molecular weight of species a
longitudinal coordinate
mass concentration of the fuel (mass of fuel/total
mass of mixture)
reduced mass concentration of fuel, = YF/YFoo
quenching distance
transversal coordinate
nondimensional axial coordinate,

= nondimensional coordinate,

x*
YF

yF
yq
y *

6 = nondimensional temperature, = T*/T£
JLI = dynamic viscosity
p = gas density

Subscripts
L = trailing edge of the plate
w = plate
oo = freestream
0 = zeroth-order solution
1 = first-order solution

Superscripts
= outer potential flow region

* = physical units

Introduction

FLAMES in boundary-layer flows have been studied in the
past, particularly relating to flame stabilization in pre-

mixed gases and flame spread over condensed fuels. In most
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of the analyses it has been assumed that the leading boundary-
layer equation (Prandtl boundary-layer approximation) is ap-
plicable. Regarding premixed flames, there are two different
stabilization mechanisms.1'2 In the continuous ignition mecha-
nism, the energy for ignition is provided by the heat flux from
the heated plate to the gaseous mixture and not from the flame
generated downstream. In this case, the longitudinal heat and
mass diffusion do not play an important role, and the Prandtl
boundary-layer approximation is valid. The system of differ-
ential equations then becomes parabolic in the longitudinal
direction. This type of stabilization mechanism occurs when
the fluid velocity is much larger than the burning velocity of
the mixture. If we assume that the flame velocity is zero or
very small for values of the transverse coordinate y less than a
critical distance (quenching distance^) and almost constant
for values of y >yq, then the critical velocity ratio has to be
obtained at y = yq at the flame leading edge. However, if both
velocities are of the same order of magnitude, the flame per-
turbs the flowfield in front of it making it possible to propa-
gate upstream and reach the equilibrium position, where the
flame velocity equals the fluid velocity at the quenching dis-
tance. This second type of stabilization mechanism is called
the equilibrium mechanism. In this case, the Prandtl
boundary-layer approximation is no longer valid, and the
governing equations are the full Navier-Stokes equations, to-
gether with the energy and species concentration equations. In
this case, there is a complicated feedback mechanism support-
ing the flame at that position.

There is experimental evidence that premixed flames are
stabilized by aerodynamic effects such as low local velocities
and even flow recirculation that would not exist without the
presence of the flame.3 These recirculating flows are generated
by pressure gradients that are induced by the interaction of the
flame with the inviscid flow, producing the separation of the
boundary layer. In diffusion flame experiments in boundary-
layer with injection,4 pressure gradients have been predicted
from the measured velocity field in the vicinity of the flame
leading edge. The existence of low- and high-pressure regions
suggests the possibility of using higher-order effects in the
boundary-layer approximation that influence the structure
and show the interactions between the flamfc and the flowfield.

Higher-order effects in reacting and nonreacting boundary-
layer flows are very important for predicting boundary-layer
separation and correcting drag coefficients of bodies in mod-
erate-Reynolds-number flows.5"8 In particular, higher-order
effects are very important in processes with density variations.
In this case, the expansion of the gas flowing along the body
changes the displacement thickness in an important way, pro-
ducing a strong interaction with the potential flow. Few works
on this subject have been reported in the literature.9 Higher-
order effects in combustion processes were considered in sev-
eral works.10'11 Trevino and Fernandez-Pello10 considered
higher-order effects including the longitudinal diffusion
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terms. They obtained a pressure pattern similar to that de-
duced for laminar diffusion flames.4 The free interaction with
the outer potential flow was not considered.

This paper shows how the Prandtl boundary-layer approx-
imation breaks down as the flow Reynolds number decreases.
The first of the higher-order effects is represented by the
interaction with the external inviscid flow. The objective of
the present work is to study this interaction using higher-order
effects in the combustion process in a boundary-layer flow.

Problem Definition
The physical model analyzed consists of the following: A

cold combustible mixture flows over a heated plate that has a
uniform temperature. Two types of boundary conditions can
be addressed. The first one corresponds to an infinite plate.
Here the flame is formed above the flat plate. In the second
one, the plate ends before a premixed flame can be formed
above it. The flame then develops in the wake of the flat plate
and is associated with very strong expansion effects. Using the
zeroth-order boundary-layer analysis, which represents a set
of parabolic differential equations in the longitudinal direc-
tion, it is not possible to obtain any feedback mechanism that
reproduces the main features of this combustion process as the
Reynolds number decreases. The main features of this feed-
back mechanism can be obtained by using higher-order ap-
proximations in the boundary-layer flow. The first-order anal-
ysis takes into account the free interaction between the
boundary layer and the potential flow far away from the
surface. It considers the displacement of this outer potential
flow by the boundary layer. Because the governing equations
in the potential flow are elliptic, this interaction produces a
feedback mechanism through the generation of pressure gradi-
ents.

Here for simplicity we consider a global irreversible gas-
phase chemical reaction of the Arrhenius type given by

Qxp(-E*/R*T*) (1)

where w * is the net consumption rate of fuel in mass per unit
times unit volume; A * the pre-exponential factor; c* the
molar concentration of the reactant a per unit volume; E* the
overall activation energy of the chemical reaction; R* the
universal gas constant; and T* the temperature of the mixture.
The assumed overall chemical reaction can be written as

(2)

where va corresponds to the stoichiometric coefficients of
species a. in the chemical reaction. The species F, O, and P
represent the fuel, oxidant, and product, respectively. The
nondimensional boundary-layer equations, valid up to terms
of order R ~y\ where R is the Reynolds number based on the
length of the plate, are given by11

(3)

(4)

(5)

8(1,

8(Pr, 0) = -2Q&2 exp(-0a/0)

9(ScFjF) = 2Q&2 exp(-0fl/0)

where £ denotes a differential operator defined by

8(/w,0 = \/m 82t/drj2 +fdt/d*i -

(6)

The nondimensional boundary conditions are given by

at

For r?-*oo, the solution must match with the outer potential
flow. The outer equations, up to terms of order R ~v\ corre-
spond to the classical incompressible Euler equations. There-
fore, the nondimensional outer equations take the form

= o (8)
where

where i/'* represents the stream function defined by u * = d\I/*/
dy* and v* = —d\l/*/dx*. The boundary conditions are given
by

at £-00, a^/a? = i
together with the matching conditions with the boundary-layer
flow. Because the boundary layer displaces the outer flow
proportional to R~Vl, the following expansions are assumed:

both in the boundary-layer and in the outer potential flow,
where 12 represents any of the variables involved in the pro-
cess. In the outer inviscid flow, the equations are then given by

with the nondimensional boundary conditions given by

at £^°°, f ~* ~ °°> dtf/Q/dt; — 1

and d^!/d£ = 0

To the zeroth order, matching with the boundary layer re-
quires in the asymptotic limit £^0, r/-»oo,

This is satisfied automatically, and the solution to the zeroth
order corresponds to the parallel flow:

and (12)

The solution to the first-order outer equations can be found
using the linearized thin airfoil theory,12 obtaining the follow-
ing integral relationship between both components of velocity
at the edge of the boundary layer:

a,(r,0) = r-r (13)

(14)

where P denotes the Cauchy principal value of the integral.
Here, v{ = -d$i/d£ and ul = di^/d^. The i>i(f,0) can be ob-
tained from the zeroth-order boundary-layer equations. Intro-
ducing the expansions [Eq. (9)] into the boundary-layer equa-
tions (3-5), we obtain the following sets of equations:

(15)

(16)

(17)

= -/i

exp(-0a/00)

+ 2{(dfl/drid2f0/dridt

f > fz. ; / = = dyF/dri = 0 (7) (is)
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) exp( - 0a/00) (19)

exp( - 0a/00) )
(20)

with the boundary conditions given by

at r/ = 0,

= o,

"O = "w

f > fz. : /o =/i = ^o/ar? = 30,/diy

= dym/dy = dyFi/dr) = 0

for T/-OO: d/o/drj-1, p0 =

0, =^ = 0

where Wi(f,0) and Pi(f,0) must be obtained by solving the
Cauchy integral [Eq. (13)], with the aid of the matching condi-
tion

(21)

where K0 is the transversal velocity in the boundary layer given
as

= (20- » i -/ - 2f a//ar + ̂

*]/ajc*

Therefore, since ry-^oo, K0 behaves as

2fdC 0 /df+l im

where

(22)

(23)

(24)

The first two terms on the right-hand side of Eq. (23) take into
account the momentum effects on the displacement thickness,
and the third term is due to the very strong expansion effects.

The conditions close to the leading edge of the plate can be
obtained in the limit f->0. The momentum equation is the
well-known Blasius equation

(25)

together with the energy equation

= 0 (26)

For the specific case of Pr = 1, the nondimensional transver-
sal velocity at the edge of the boundary layer is given by

(27)

In the case of frozen flow (no chemical reaction), the nondi-
mensional normal velocity at the edge of the boundary layer
given by Eq. (27) is obtained throughout the flowfield. Using

the matching conditions given by Eq. (21), and solving the
Cauchy integral [Eq. (13)], we obtain no pressure gradients in
these first-order equations. However, as the combustion pro-
cess takes place, the strong expansion of the gases displaces
the outer potential flow in such a way that important pressure
gradients are generated, affecting the flowfield upstream of
the flame-formation position and showing the first appear-
ance of a feedback mechanism.

Results and Discussion
The system of Eqs. (13-20) with the appropriate boundary

and matching conditions was solved numerically using the
multiple shooting technique. The boundary-layer (inner) equa-
tions are of the parabolic type; thus, marching in the f coordi-
nate, together with shooting methods for the r? coordinate, are
employed to solve the equations. The first-order outer equa-
tion, given by the Cauchy integral [Eq. (13)] is then solved
using the technique described elsewhere.11 The pressure gradi-
ents obtained in this order are considered in the first-order
inner boundary-layer equations. The numerical calculations
were made for a stoichiometric mixture of propane and air13

for different values of the wall temperature. Two general cases
were considered. In the first case, the length of the plate is not
enough to ignite the premixed gases. The flame is generated in
the laminar wake of the plate. In the second case, we consider
an infinite flat plate, that is, fL — oo. Here the flame is gener-
ated above the flat plate. Figure 1 shows a schematic diagram
of the two cases considered. Figures 2-6 show the results
obtained after numerical integration of both the zeroth- and
first-order boundary-layer equations for the infinitely long
plate. Two different values of the nondimensional wall tem-

^—-flame

a)

-,-- flame

-E JL•- T
b)

Fig. 1 Schematic diagram of the two cases considered: a) infinite flat
plate; b) flame generated in the laminar wake of the flat plate.

1250 1500 1750 2000 2250

1250

Fig. 2 Flame generated above the flat plate. Zeroth-order solution.
Lines of 0o constant.
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b) 2500 5000 750 1000 1250

Fig. 3 Flame generated above the flat plate. Zeroth-order solution.
Lines of VH> constant.

1000 1250 1500 1750 2000 2250

250 500 750

I —
1000 1250

Fig. 4 Flame generated above the flat plate. Zeroth-order solution.
Nondimensional transversal velocity component at the edge of the
boundary layer KoOy— oo).

perature were assumed: 6W = 3 and 3.5. These values were
chosen in order to evaluate the effect of the overall activation
energy of the chemical reaction, through the Zeldovich num-
ber Z, defined as the ratio of the activation energy to the
thermal energy Z = 6a/0w.

Figures 2 and 3 show the zeroth-order temperature and fuel
concentration profiles, respectively, for the two values of the
nondimensional plate temperature. These figures clearly show
the premixed flame formed above the flat plate. As the plate
temperature decreases, the flame position moves away from
the leading edge and generates larger longitudinal gradients in
regions close to the flame leading edge.

Figures 4 shows the nondimensional normal velocity com-
ponent at the edge of the boundary layer K0(r;-*oo). Because
of the very strong expansion effects, this velocity peaks in
regions close to the flame formation point. The peak ampli-
tude is larger for larger values of the Zeldovich numbers. The
corresponding first-order pressure distribution is shown in
Fig. 5. The pressure also peaks in regions close to the flame

1000 1250 2000 2250

6-

250 500 750 1000 1250

Fig. 5 Flame generated above the flat plate. First-order solution.
Nondimensional pressure distribution.

1000 1250 1500 1750 2000 2250

250 500 750 1000 1250

Fig. 6 Flame generated above the flat plate. First-order solution.
Lines of u\ constant.

leading edge. The expansion process produced by the exother-
mic reaction generates positive pressure in front of the flame-
formation point and negative pressure gradients behind it. The
induced first-order nondimensional axial velocity is shown in
Fig. 6. Here we can observe that a low-velocity region is
formed in front of the flame as a result of the positive pressure
gradients. On the other hand, a high-velocity region is located
behind this position. The intensity of these high- and low-ve-
locity regions increases as the Zeldovich number increases.
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1700 1840 1980 2120 2260 2400

Fig. 7 Flame generated in the wake 0 W =3. Zeroth-order solution.
Lines of wo constant.

1700 1840 1980 2120 2260 2400

Fig. 8 Flame generated in the wake Ow = 3. Zeroth-order solution.
Lines of 0o constant.

1700 1840 1980 2120 2260 2400

2400

Fig. 10 Flame generated in the wake Ow - 3. Zeroth-order solution.
Nondimensional transversal velocity component at the edge of the
boundary layer FoOy-* oo).

1700 1840 1980 2120 2260 2400

Fig. 11 Flame generated in the wake 0^=3. First-order solution.
Nondimensional pressure distribution.

Fig. 9 Flame generated in the wake Ow = 3. Zeroth-order solution.
Lines of yw constant.

Figures 7-12 show the results obtained after numerical inte-
gration of the zeroth- and first-order boundary-layer equa-
tions for the finite-length case. Here a heated plate
(0<f<1638) is maintained at a constant nondimensional
temperature 6W = 3. This relatively low temperature of the
plate is sufficient to cause self-ignition in the wake behind the
flat plate such that a premixed combustion zone is formed that
in turn affects the structure of the flow. The singularity arising
at the end of the plate7'9 is assumed to have no influence in the
region of interest. Therefore, the flow structure approaches
the Goldstein wake type.14 Figure 7 shows the zeroth-order
nondimensional longitudinal fluid velocity. Here only the in-
teresting part of the wake is shown (f > 1700). The expansion
effects are included in the definition of the similarity coordi-
nate 77 in this case. The nondimensional velocity at the center-
line (behind the plate) increases, asymptotically reaching the
value of unity as J"-*oo.

Figures 8 and 9 show the profiles of the nondimensional
temperature 00 and reactant concentration y^, respectively.
These figures show how the premixed combustion zone is
formed in the laminar wake of the flat plate. The nondimen-
sional transversal velocity component K0 at the edge of the
boundary layer is shown in Fig. 10. This velocity distribution
has been obtained from the solution of the zeroth- or leading-
order boundary-layer equations. Because of the very strong
thermal expansion effects, the velocity increases drastically in
the combustion zone at the wake.

This abrupt change in the boundary-layer thickness dis-
places the outer in viscid flow, generating a pressure distribu-

1700 1840 1980 2120 2260 2400

Fig. 12 Flame generated in the wake Bw=3. First-order solution.
Lines of u\ constant.

tion shown in Fig. 11. The boundary-layer flow first generates
a positive pressure gradient in the axial direction that ends at
the region of self-ignition. Because of the curvature effects
behind this zone, a negative pressure gradient is generated,
causing the pressure to asymptotically reach the freestream
pressure. The pressure gradients generated in the interaction
with the outer inviscid flow affect the axial velocity compo-
nent in an important way. In front of the combustion zone a
low axial velocity region is formed as a result of the positive
pressure gradient. Downstream, the negative pressure gradient
generates a region of high axial velocity, which can provoke
overshoot. The first-order axial nondimensional velocity pro-
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files are shown in Fig. 12. The low- and high-velocity regions
are close to each other in the flame-formation region.

Conclusions
An asymptotic analysis has been performed so that the

higher-order effects in the premixed combustion in a bound-
ary-layer flow could be studied using the inverse of the square
root of the Reynolds number as the small parameter of expan-
sion. The zeroth-order solution corresponds to the Prandtl
boundary-layer approximation. The first-order solution takes
into account the interaction with the inviscid flow. This inter-
action makes it possible to introduce a feedback mechanism
through the generation of pressure gradients. A positive pres-
sure gradient is induced in front of the flame leading edge,
thus producing a low-velocity region. The intensity of these
pressure gradients strongly depends on the Zeldovich num-
bers. This interaction caused by the strong expansion effects in
boundary-layer combustion is always important and must be
taken into account in this type of flow.
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